In analogy to Nambu's generalization of mechanics, we present a generalization of Poisson sigma models to higher dimensional world volumes. We find corresponding generalizations of string sigma models and open-closed string relations for background fields to the case of p-branes. As an application, we discuss a DBI-type effective action for open membranes.
Introduction
The effect of a closed string background on the physics of open strings has an elegant description involving spacetime non-commutativity. A system of open strings ending on a single D-brane is effectively described by the Dirac-Born-Infeld action and the effect of a closed string background is captured by an equivalent non-commutative version of that action. 1 The fields and parameters in the equivalent descriptions are related by certain open-closed string relations. Intuitively, one would expect similar phenomena in the case of open membranes in the presence of background fields. This is in fact the case, with non-commutativity replaced by higher geometric structures based on Nambu-Poisson brackets. Taking the generalization of classical mechanics by Nambu [5] as a guideline, we are led to p-brane analogs of Poisson sigma models, string sigma models, openclosed string relations, and the Dirac-Born-Infeld action. We propose the latter "Nambu-DiracBorn-Infeld action" as a natural candidate for the bosonic part of an effective description for branes ending on branes. The strategy underlying this work was originally inspired by related ideas in an earlier work on Nambu-Poisson M5-brane theory [3] . For a more complete list of references and computational details, we refer to [4] .
Nambu mechanics
In this section, we will recall some basic facts about Nambu mechanics and Nambu-Poisson tensors and will then rewrite the pertinent axioms in a way that is suitable for our purposes.
Nambu mechanics [5, 6] describes multi-Hamiltonian dynamics with generalized Poisson brackets. An elegant application are Euler's equations for the spinning top, which are usually written in a principal axis system for the angular velocities ω 1 , ω 2 , ω 3 :
In terms of angular momenta L = I · ω this becomeṡ
where T = 1 2 L · ω is the kinetic energy and we have introduced the Nambu-Poisson bracket
More generally, Nambu-Poisson structures are generalizations of Poisson structures, with the Poisson bracket replaced by a Nambu-Poisson bracket, which is a skew-symmetric multi-linear derivation
The equivalence of commutative and non-commutative descriptions has originally been shown to be exact in the limit of slowly varying fields [1] . This limiting assumption can be dropped and the equivalence becomes an identity at the level of the actions, when a semi-classical version of the underlying non-commutative geometry is used [2] .
that satisfies the fundamental identity
For p = 1 this reduces to the Jacobi identity for the Poisson bracket, which implies a differential constraint on the Poisson tensor: θ il ∂ l θ jk + (i, j, k cyclic) = 0. For p > 1 the fundamental identity is a differential as well as a rather restrictive algebraic constraint that implies that Π factorizes: 
where |Π(x)| is the generalized determinant of the (rectangular) matrix Π iJ (x).
The three defining properties of a Poisson structure can be motivated from the point of view of physics as follows: The derivation property ensures well defined equations of motion with unique solutions given suitable initial conditions, the Jacobi identity ensures that time evolution is canonical in the sense that it preserves Poisson brackets, and skew symmetry of the Poisson bracket ensures that the Hamiltonian is a constant of motion (because it implies {H, H} = 0). This point of view can be generalized to p > 1, yielding a characterization of Nambu-Poisson structures, that deemphasizes the introducing of multiple Hamiltonians and is more suitable for our purposes:
• A Nambu tensor Π ∈ T M ⊗ Λ p T M maps a time-evolution p-formη "Nambuian" to a timeevolution vector field
In the last expression we have used ordered multi-index notation: J = ( j 1 , . . . , j p ) with j 1 < . . . < j p . For p = 1 the Nambuian is related to the Hamiltonian H byη = dH and the time evolution vector field is then the Hamiltonian vector field.)
• Canonical transformation property:
• Conservation law property:
These three axioms are equivalent to the usual definition of a Nambu-Poisson structure that we have given earlier. It is tempting to drop the conservation law property, as it is least needed in the following. In our first application of these structures,η J will be a Λ p T * M-valued world volume auxiliary field. In the application to generalized gauge theory and p-branes, Λ is a p-form gauge transformation parameter and the vector field Π(Λ) generates semi-classical generalized gauge transformations. This is in analogy to semi-classical non-commutative abelian gauge transformations, which can be interpreted as special types of canonical transformations.
Poisson sigma model and string sigma model
Poisson sigma models were introduced in the context of 2-dimensional gravity [7, 8] . They later played a major role in the solution of the problem of deformation quantization [9] . The action of a Poisson sigma model describes an open string propagating on a Poisson manifold (M, Π) (target space): 
Consistency of the equations of motions requires
i.e. the bi-vector Π must satisfy the Jacobi identity and (M, Π) is indeed a Poisson manifold. The term 'Poisson sigma model' generally refers to the 2-dimensional topological field theory described above. Adding a metric term in the action we arrive at the non-topological generalized Poisson σ -model
(We are working with world sheet signature (−, +) and volume form
, are auxiliary fields. On shell, i.e. using the equations of motion for A i , (3.4) is equivalent to the string sigma model 
We would like to generalize these models to the case of 1 + p dimensional world volumes and target spaces with Nambu-Poisson structures. In the construction, we shall be guided by the fact that Nambu-Poisson structures are naturally interpreted as maps from (target space) p-forms to vector fields. Before proceeding, it is useful to write (3.4) explicitly in terms of the components
4. Nambu sigma model and brane sigma model
In this section we will describe a Nambu sigma model that generalizes Poisson sigma models in a similar way as Nambu mechanics generalizes ordinary mechanics.
In view of our preceding discussion, a natural generalization of the Poisson sigma model to the case p > 1 will involve p-brane embedding functions X i (σ ) with σ = (σ 0 , σ 1 , . . . , σ p ), a Nambu Poisson tensor Π iJ = Π i j 1 ... j p (X (σ )), and volume fields η i = η i (σ )dσ 1 ∧. . .∧dσ p andη J = η j 1 ... j p dσ 0 . (The ordered multi-index J is defined as in (2.8).) Generalizing (3.7), we introduce the Nambu sigma model action
where
We notice the appearance of two types of metric fields: G i j and G IJ . For p = 1 they are simply equal, but for p > 1 their relation is much more intricate as we shall see. In principle, they could be independent. The equations of motion of the topological Nambu sigma model
As in the p = 1 case, consistency of the equations of motion is ensured by the fundamental identity (2.5), but the discussion is more involved and we shall not go into its details here. One of the motivations for the construction of the topological Nambu sigma model has been the problem of the quantization of Nambu-Poisson structures. For this, the termsη J d p X J =η j 1 ... j p dX j 1 . . . dX j p in the action (4.2) need to be linearized (in the dX 's) with the help of further auxiliary fields to allow path integral quantization. Corresponding expressions can be found in [11] . Let us now consider the full (non-topological) Nambu sigma model action (4.1). On shell, using the equations of motion for η i andη J , it is equivalent to the following p-brane action
The metric fields g,g and the 1 + p form background field B are related to G,G and Π by matrix relations
that generalize the open-closed string relations (3.6) to the case of p-branes. (Note that B and Π are rectangular matrices.) It is possible to include an additional 1 + p form field Φ that offers more freedom in the description, but for the sake of simplicity of presentation we shall refrain here from doing so. Choosing forg the anti-symmetrized product of p copies of the metric g, the action (4.4) becomes
which is related to the more familiar Nambu-Goto action featuring the pullback to the world volume of a 1 + p form B-field background
Nambu-Dirac-Born-Infeld action
An interesting application of the closed-open string relations is the Dirac-Born-Infeld (DBI) action, which is the effective action for open strings ending on a D-brane. Focusing just on the background fields g and B, the action is In the open string version, the commutative description with a background field B is traded for a non-commutative description, where F is promoted to a noncommutative field strength. Non-commutativity arises analogously to what happens in the Landau problem with a charged particle in a magnetic field. A more careful analysis reveals that the approximate equivalence of commutative and non-commutative description is actually turned into an identity at the level the action, if we fall back to the semi-noncommutative level with Possion brackets replacing star commutators [2] . The equivalent descriptions are 2 
are so far undetermined. As in the string case we can add fluctuations B → F = B + F and there is also a change of coordinates (Nambu-Poisson map)
The change of coordinates ρ * N (Nambu SW map) is given by the flow of the vector field Π(A) = Π iJ a J ∂ i with F = dA. The corresponding full Nambu-Dirac-Born Infeld action and its "non-commutative" counterpart are: 2
The proof of this exact identity is based on rather tricky matrix manipulations starting from the open-closed membrane relations (4.5), using the flow ρ * N , and appropriate relations for the "membrane couplings". For the string case (p = 1), a path-integral computation of the effective action gives x = y = [4] . This prediction is confirmed by results of earlier computations based on κ-symmetry [13] ; for a review on super-p-branes with a comprehensive list of pertinent references, we refer to [14] .
Summary
We have presented a model that plays a similar role in the context of open p-branes as the Poisson sigma model and its non-topological generalizations do in the case of open strings. The model features a Nambu-Poisson tensor in place of the ordinary Poisson tensor. As a direct application we have derived a set of matrix relations that generalize the open-closed string relations to the case of p-branes. Based on these relations, we have derived a Dirac-Born-Infeld type action that enjoys an equivalence between a commutative description with background p-form field B and a non-commutative (or rather 'Nambuian') description without this field. Imposing this equivalence fixes the action essentially uniquely. We conjecture that the action thus obtained is the bosonic part of an all order effective action describing open p-branes ending on another brane (e.g. M2's ending on an M5 brane). Interestingly, new action does not feature the square root of the ordinary DBI action. The square root is rather found to be just a special case of a more general expression involving a different root.
